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In this paper we give some new results for g-frames in Hilbert C∗-modules and then we
introduce a bounded A-linear operator L, by means of this operator L we character the
properties of the g-frames and g-Riesz basis in Hilbert C∗-modules. Finally, we establish
some important equalities and inequalities for frames and g-frames in Hilbert C∗-modules.
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1. Introduction
Frames for Hilbert spaces were formally deﬁned by Duﬃn and Schaeffer [7] in 1952 for studying some deep problems
in nonharmonic Fourier series. They were reintroduced and developed in 1986 by Daubechies, Grossmann and Meyer [5],
and popularized from then on. The theory of frames plays an important role in theoretics and applications, which has been
applied extensively in signal processing [9], sampling theory [3], system modelling [6], quantum measurements [8], image
processing [4], coding and communications [13,19], etc.
Sun [18] introduced the concept of g-frame in a Hilbert space, he dealt with all the existed frames as g-frame and got
some important results. From paper [20,21], it is known that some properties of g-frame are similar to those of existed
frames, but the others are not. In addition, the concept of frames especial the g-frames was introduced in Hilbert C*-
modules, and some of the properties of frames and g-frames were investigated in [10,14,15]. As for Hilbert C*-module, it is
a generalizations of Hilbert spaces in that it allows the inner product to take values in a C*-algebra rather than the ﬁeld of
complex numbers. There are many differences between Hilbert C*-modules and Hilbert spaces. For example, we know that
any closed subspaces in a Hilbert space has an orthogonal complement, but it is not true for Hilbert C*-module. And we
can’t get the analogue of the Riesz representation theorem of continuous functionals in Hilbert C*-modules. Thus it is more
diﬃcult to make a discussion of the theory of Hilbert C*-modules than that of Hilbert spaces in general. We refer readers
to papers [16,18] for more details on Hilbert C*-modules.
In [15], the author made a discussion of some properties of g-frame in Hilbert C*-module in some aspects. The purpose
of this paper is to further develop and perfect the frame and the g-frames theory in Hilbert C*-module. In this paper we
will do the following two works: First, we will character the properties of g-frames in Hilbert C*-module; Second, we will
establish some important equalities and inequalities of frames and g-frames in Hilbert C*-modules.
✩ This work was supported by the National Natural Science Foundation of China.
* Corresponding author.
E-mail address: xmzeng@xmu.edu.cn (X.-M. Zeng).0022-247X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2009.08.043
400 X.-C. Xiao, X.-M. Zeng / J. Math. Anal. Appl. 363 (2010) 399–408The paper is organized as follows. In Section 2, we recall the basic deﬁnitions and some notations about g-frames in
Hilbert C*-module, we also give some basic properties of g-frames which we will use in the later sections. In Section 3, we
give some new results for g-frames in Hilbert C*-modules and then we introduce a bounded A-linear operator L, by means
of the operator L we character the properties of the g-frames and g-Riesz basis in Hilbert C*-modules. In Section 4, we
extend some important equalities and inequalities of frame in Hilbert spaces to frames and g-frames in Hilbert C*-modules.
2. Preliminaries
In the following we brieﬂy recall some deﬁnitions and basic properties of Hilbert C*-modules and g-frames in Hilbert
C*-module.
We ﬁrst give some notations which we need later. Throughout this paper J is ﬁnite or countably index sets, C , N
are complex ﬁeld and the set of natural numbers, respectively. A is a unital C*-algebra with identity 1A , and set |a| =
(a∗a) 12 for any a ∈ A, U and V are ﬁnitely or countably generated Hilbert A-modules and {V j} j∈ J be a sequence of closed
Hilbert submodules of V . For each j ∈ J , End∗A(U , V j) is the collection of all adjointable A-linear maps from U to V j and
End∗A(U ,U ) is denoted by End∗A(U ).
We also denote⊕
j∈ J
V j =
{
g = {g j}: g j ∈ V j and
∑
j∈ J
〈g j, g j〉 is norm convergent in A
}
.
For any f = { f j} j∈ J and g = {g j} j∈ J , if the A-valued inner product is deﬁned by 〈 f , g〉 =∑ j∈ J 〈 f j, g j〉, the norm is deﬁned
by ‖a‖ = ‖〈a,a〉‖ 12 , then ⊕ j∈ J V j is a Hilbert A-module (see [16]).
Deﬁnition 2.1. Let H be a left A-module such that the linear structures of A and H are compatible, H is called a pre-Hilbert
A-module if H is equipped with an A-valued inner product 〈·,·〉 : H × H → A such that:
(1) 〈 f , f 〉 0 for all f ∈ H and 〈 f , f 〉 = 0 if and only if f = 0;
(2) 〈 f , g〉 = 〈g, f 〉∗ for all f , g ∈ H ;
(3) 〈af + g,h〉 = a〈 f ,h〉 + 〈g,h〉 for all a ∈ A and f , g,h ∈ H .
For every f ∈ H , we deﬁne ‖ f ‖ = ‖〈 f , f 〉‖1/2 and | f | = 〈 f , f 〉1/2. If H is complete with respect to the norm, it is called
a Hilbert A-module or a Hilbert C*-module over A.
Deﬁnition 2.2. Let H be a Hilbert A-module. A collection { f j} j∈ J ⊂ H is called a frame for H , if there exist two positive
constants C1, D1, such that
C1〈 f , f 〉
∑
i∈ J
〈 f , f j〉〈 f j, f 〉 D1〈 f , f 〉, ∀ f ∈ H . (2.1)
We call C1 and D1 the lower and upper frame bounds, respectively. If only the right-hand inequality of (2.1) is satisﬁed,
we call {Λ j: j ∈ J } the Bessel sequence for U with respect to {V j: j ∈ J } with Bessel bound D1. If C1 = D1 = λ, we call
{Λ j: j ∈ J } the λ-tight frame. Moreover, if λ = 1, we call {Λ j: j ∈ J } the Parseval frame. The frame is standard if for every
f ∈ U , the sum in (2.1) converges in norm.
Deﬁnition 2.3. (See [15].) We call a sequence {Λ j ∈ End∗A(U , V j): j ∈ J } a g-frame in Hilbert A-module U with respect to{V j: j ∈ J } if there exist two positive constants C , D , such that
C〈 f , f 〉
∑
j∈ J
〈Λ j f ,Λ j f 〉 D〈 f , f 〉, ∀ f ∈ U . (2.2)
We call C and D the lower and upper g-frame bounds, respectively. If only the right-hand inequality of (2.2) is satisﬁed,
we call {Λ j: j ∈ J } the g-Bessel sequence for U with respect to {V j: j ∈ J } with Bessel bound D . If C = D = λ, we call
{Λ j: j ∈ J } the g-λ-tight frame. Moreover, if λ = 1, we call {Λ j: j ∈ J } the g-Parseval frame. The g-frame is standard if for
every f ∈ U , the sum in (2.2) converges in norm.
Remark 2.1. For any j ∈ J , if we let V j = V = A and Λ j f = 〈 f , f j〉 for any f ∈ U , in this case the g-frame is just a frame
for U .
Deﬁnition 2.4. A g-frame {Λ j ∈ End∗A(U , V j): j ∈ J } in Hilbert A-module U with respect to {V j: j ∈ J } is said to be a
g-Riesz basis if it satisﬁes:
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= 0 for any j ∈ J ;
(2) if an A-linear combination
∑
j∈K Λ∗j g j is equal to zero, then every summand Λ
∗
j g j is equal to zero, where {g j} j∈K ∈⊕
j∈K V j and K ⊂ J .
Remark 2.2. From Deﬁnition 2.4, we can know clearly that the relationship between g-frame and g-Riesz basis in Hilbert
C*-module.
Example 2.1. Let H be an ordinary inner product space, then H is a Hilbert C-module. Let {e j: j ∈ J } be an orthonormal
basis for H , then {e j: j ∈ J } is a Parseval frame for Hilbert C-module H .
Example 2.2. Let U be an ordinary inner product space, J = N and {e j}∞j=1 be an orthonormal basis for Hilbert C-module U .
For j = 1,2, . . ., we let V j = span{e1, e2, . . . , e j}, and Λ j : U → V j , Λ j f =∑ jk=1〈 f , e j√ j 〉ek . It is easy to check that the adjoint
Λ∗j : V j → U ,Λ∗j (g) =
∑ j
k=1〈 f , ek√ j 〉e j is bounded, we also have
〈Λ j f ,Λ j f 〉 =
j∑
k=1
∣∣∣∣
〈
f ,
e j√
j
〉∣∣∣∣
2
= ∣∣〈 f , e j〉∣∣2  〈 f , f 〉, ∀ f ∈ U .
Hence
∑∞
j=1〈Λ j f ,Λ j f 〉 =
∑∞
j=1 |〈 f , e j〉|2 = 〈 f , f 〉, which implies that {Λ j}∞j=1 is a g-Parseval frame for U with respect to
{V j: j ∈ J }.
Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-frame in Hilbert A-module U with respect to {V j: j ∈ J }. In [15], the author
deﬁnes the g-frame operator S in Hilbert C*-module as follows
S f =
∑
j∈ J
Λ∗jΛ j f , ∀ f ∈ U , (2.3)
and shows that S is invertible, positive, self-adjoint. Since
〈S f , f 〉 =
〈∑
j∈ J
Λ∗jΛ j f , f
〉
=
∑
j∈ J
〈Λ j f ,Λ j f 〉,
then C〈 f , f 〉 〈S f , f 〉 D〈 f , f 〉. The follow reconstruction formula holds:
f = S S−1 f = S−1S f =
∑
j∈ J
Λ∗jΛ j S
−1 f =
∑
j∈ J
S−1Λ∗jΛ j f , ∀ f ∈ U . (2.4)
Let Λ˜ j = Λ j S−1, then equalities (2.4) become
f =
∑
j∈ J
Λ∗j Λ˜ j f =
∑
j∈ J
Λ˜ jΛ
∗
j f .
{Λ˜ j: j ∈ J } is also a g-frame for U with respect to {V j: j ∈ J } (see [15]), which we call the canonical dual frame of
{Λ j: j ∈ J }. For any K ⊂ J , we denote Kc = J\K , and deﬁne the operator
SK f =
∑
j∈K
Λ∗jΛ j f , ∀ f ∈ U .
3. Some characterizations of g-frame in Hilbert C*-module
In this section, we will character the equivalencies of g-frame in Hilbert C*-module from several aspects. As for The-
orem 3.1, we show that the g-frame is equivalent to which the middle of (2.2) is norm bounded (see (3.1)). As for
Theorems 3.2 and 3.3, the characterization of g-frame is equivalent to the characterization of bounded operator T (see (3.2)).
In Theorem 3.4, we character the g-frame {Γ j} j∈ J from the relationship between {Γ j} j∈ J and another g-frame {Λ j} j∈ J
(see (3.3)). Finally, we introduce a bounded operator L to character the equivalencies of g-frame (see Theorems 3.5 and 3.6).
Lemma 3.1. (See [1].) Let A be a C*-algebra, U and V be two Hilbert A-modules, and T ∈ End∗A(U , V ). Then the following statements
are equivalent:
(1) T is surjective.
(2) T ∗ is bounded below with respect to norm, i.e., there is m > 0 such that ‖T ∗ f ‖m‖ f ‖ for all f ∈ U .
(3) T ∗ is bounded below with respect to the inner product, i.e, there is m′ > 0 such that 〈T ∗ f , T ∗ f 〉m′〈 f , f 〉.
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∑
j∈ J 〈Λ j f ,Λ j f 〉 converge in norm for f ∈ U . Then {Λ j: j ∈ J } is a g-frame
for U with respect to {V j: j ∈ J } if and only if there exist constants C, D > 0 such that
C‖ f ‖2 
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥ D‖ f ‖2, f ∈ U . (3.1)
Proof. Suppose that {Λ j: j ∈ J } is a g-frame for U with respect to {V j: j ∈ J }. Since for any f ∈ U , there is 〈 f , f 〉  0,
combined with the deﬁnition of g-frame we know that (3.1) holds.
Now suppose that (3.1) holds. From [15] we know that the g-frame operator S is positive, self-adjoint and invert-
ible, hence 〈S 12 f , S 12 f 〉 = 〈S f , f 〉 =∑ j∈ J 〈Λ j f ,Λ j f 〉. So we have √C‖ f ‖  ‖S 12 f ‖ √D‖ f ‖ for any f ∈ U . According to
Lemma 3.1, there are constants m,M > 0 such that
m〈 f , f 〉 〈S 12 f , S 12 f 〉=∑
j∈ J
〈Λ j f ,Λ j f 〉 M〈 f , f 〉,
which implies that {Λ j: j ∈ J } is a g-frame for U with respect to {V j: j ∈ J }. 
Theorem 3.2. A sequence {Λ j ∈ End∗A(U , V j): j ∈ J } is g-frame for U with respect to {V j} j∈ J if and only if
T :
⊕
j∈ J
V j → U , T (g) =
∑
j∈ J
Λ∗j (g j), g = {g j} j∈ J ∈
⊕
j∈ J
V j (3.2)
is well deﬁned and surjective.
Proof. Suppose ﬁrst that {Λ j: j ∈ J } is a g-frame for U with respect to {V j: j ∈ J }, then for any K ⊂ J , we have∥∥∥∥∑
j∈K
Λ∗j g j
∥∥∥∥
2
= sup
f ∈U ,‖ f ‖=1
∥∥∥∥
〈∑
j∈K
Λ∗j g j, f
〉∥∥∥∥= sup
f ∈U ,‖ f ‖=1
∥∥∥∥∑
j∈K
〈g j,Λ j f 〉
∥∥∥∥
 sup
f ∈U ,‖ f ‖=1
∥∥∥∥∑
j∈K
〈g j, g j〉
∥∥∥∥
∥∥∥∥∑
j∈K
〈Λ j f ,Λ j f 〉
∥∥∥∥ D
∥∥∥∥∑
j∈K
〈g j, g j〉
∥∥∥∥,
where the last inequality is deduced by Theorem 3.1. So
∑
j∈ J Λ∗j g j converges in U for any g = {g j} j∈ J ∈
⊕
j∈ J V j , therefore
T is well deﬁned and ‖T‖√D .
For any f ∈ U , by (2.3) we know that S is invertible, so there exists g ∈ U , such that f = Sg = ∑ j∈ J Λ∗jΛ j g . Since
{Λ j: j ∈ J } is a g-frame for U with respect to {V j: j ∈ J }, so {Λ j g} j∈ J ∈⊕ j∈ J V j , and T ({Λ j g} j∈ J ) =∑ j∈ J Λ∗jΛ j g = f ,
which implies that T is surjective.
Now let T be a well-deﬁned operator from
⊕
j∈ J V j onto U . Then for any f ∈ U and any ﬁnite subset K ⊂ J , we have∥∥∥∥∑
j∈K
〈Λ j f ,Λ j f 〉
∥∥∥∥=
∥∥∥∥∑
j∈K
〈
f ,Λ∗jΛ j f
〉∥∥∥∥=
∥∥∥∥
〈
f ,
∑
j∈K
Λ∗jΛ j f
〉∥∥∥∥ ‖ f ‖
∥∥∥∥∑
j∈K
Λ∗jΛ j f
∥∥∥∥= ‖ f ‖∥∥T ({Λ j f } j∈K )∥∥
 ‖ f ‖‖T‖∥∥{Λ j f } j∈K∥∥ ‖ f ‖‖T‖
∥∥∥∥∑
j∈K
〈Λ j f ,Λ j f 〉
∥∥∥∥
1
2
.
It follows that ‖∑ j∈K 〈Λ j f ,Λ j f 〉‖ ‖T‖2‖ f ‖2, therefore ‖∑ j∈ J 〈Λ j f ,Λ j f 〉‖ ‖T‖2‖ f ‖2 for any f ∈ U .
On the other hand, since T is surjective, by Lemma 3.1, T ∗ is bounded below, so T ∗|R(T ∗) is invertible. Then for any
f ∈ U , we have f = (T ∗|R(T ∗))−1T ∗ f , so ‖(T ∗|R(T ∗))−1‖−2‖ f ‖2  ‖T ∗ f ‖2. It is easy to check that
T ∗ : U →
⊕
j∈ J
V j, T
∗( f ) = {Λ j} j∈ J ,
∥∥T ∗( f )∥∥2 = ∥∥{Λ j} j∈ J∥∥2 =
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥.
Hence∥∥(T ∗|R(T ∗))−1∥∥−2‖ f ‖2 
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥. 
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Theorem 3.3. A sequence {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis for U with respect to {V j} j∈ J if and only if T deﬁned by (3.2)
is homeomorphous.
Proof. we ﬁrstly suppose that {Λ j ∈ End∗A(U , V j): j ∈ J } is g-Riesz basis for U with respect to {V j} j∈ J . So it is also a
g-frame, by Theorem 3.2 we can deﬁne the operator T of (3.2) and T is surjective.
If T f =∑ j∈ J Λ∗j ( f j) = 0 for some f = { f j} j∈ J ∈⊕ j∈ J V j , according to the deﬁnition of g-Riesz basis we have Λ∗j f j = 0
for any j ∈ J , and Λ j 
= 0, so f j = 0 for any j ∈ J , namely f = 0. Hence T is injective.
Now we let T deﬁned by (3.2) be a homeomorphous operator. By Theorem 3.2 {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-frame
for U with respect to {V j} j∈ J . It is obviously that Λ j 
= 0 for any j ∈ J . Since T is injective, so if T f =∑ j∈ J Λ∗j f j = 0, then
f = { f } j∈ J = 0, so Λ∗j f j = 0. Therefore {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis for U with respect to {V j} j∈ J . 
Theorem 3.4. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-frame for U with respect to {V j} j∈ J , with g-frame bounds C1, D1 > 0. Let
Γ j ∈ End∗A(U , V j) for any j ∈ J . Then the following statements are equivalent:
(1) {Γ j: j ∈ J } is a g-frame for U with respect to {V j} j∈ J ;
(2) There exists a constant M > 0, such that for any f ∈ U , we have∥∥∥∥∑
j∈ J
〈
(Λ j − Γ j) f , (Λ j − Γ j) f
〉∥∥∥∥ Mmin
(∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥,
∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥
)
. (3.3)
Proof. First we let {Γ j ∈ End∗A(U , V j): j ∈ J } be a g-frame with g-frame bounds C2, D2 > 0. Then for any f ∈ U , we have∥∥∥∥∑
j∈ J
〈
(Λ j − Γ j) f , (Λ j − Γ j) f
〉∥∥∥∥= ∥∥{(Λ j − Γ j) f } j∈ J∥∥2  ∥∥{Λ j f } j∈ J∥∥2 + ∥∥{Γ j f } j∈ J∥∥2
=
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥+
∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥+ D2‖ f ‖2

∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥+ D2C1
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥=
(
1+ D2
C1
)∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥.
Similarly we can obtain∥∥∥∥∑
j∈ J
〈
(Λ j − Γ j) f , (Λ j − Γ j) f
〉∥∥∥∥
(
1+ D1
C2
)∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥.
Let M = min{1+ D2C1 ,1+ D1C2 }, then (3.3) holds.
Next we suppose that (3.3) holds. For any f ∈ U , we have
C1‖ f ‖2 
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥= ∥∥{Λ j f } j∈ J∥∥2  ∥∥{(Λ j − Γ j) f } j∈ J∥∥2 + ∥∥{Γ j f } j∈ J∥∥2
=
∥∥∥∥∑
j∈ J
〈
(Λ j − Γ j) f , (Λ j − Γ j) f
〉∥∥∥∥+
∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥ M
∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥+
∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥
= (M + 1)
∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥. (3.4)
Also we can obtain∥∥∥∥∑
j∈ J
〈Γ j f ,Γ j f 〉
∥∥∥∥ ∥∥{Λ j f } j∈ J∥∥2 + ∥∥{(Λ j − Γ j) f } j∈ J∥∥2 =
∥∥∥∥∑
j∈ J
〈
(Λ j − Γ j) f , (Λ j − Γ j) f
〉∥∥∥∥+
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥
 M
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥+
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥= (M + 1)
∥∥∥∥∑
j∈ J
〈Λ j f ,Λ j f 〉
∥∥∥∥
 D1(1+ M)‖ f ‖2. (3.5)
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D1(1+ M). 
Next we will introduce a bounded operator L about two g-Bessel sequences in Hilbert C*-module. The idea is derived
from the operator SVW which was considered for fusion frames by Gaˇvruta in [12]. In this paper, we will use the operator L
to character the g-frames of Hilbert C*-module further.
Let {Λ j ∈ End∗A(U , V j): j ∈ J } and {Γ j ∈ End∗A(U , V j): j ∈ J } be two g-Bessel sequences for U with respect to {V j} j∈ J ,
with Bessel bounds D1, D2 > 0, respectively. Then there exists a well-deﬁned operator
L : U → U , L( f ) =
∑
j∈ J
Γ ∗j Λ j f , ∀ f ∈ U . (3.6)
As a matter of fact, for any f ∈ U and K ⊂ J , we have∥∥∥∥∑
j∈K
Γ ∗j Λ j f
∥∥∥∥
2
= sup
g∈U ,‖g‖=1
∥∥∥∥
〈∑
j∈K
Γ ∗j Λ j f , g
〉∥∥∥∥
2
= sup
g∈U ,‖g‖=1
∥∥∥∥∑
j∈K
〈Λ j f ,Γ j g〉
∥∥∥∥
2
 sup
g∈U ,‖g‖=1
∥∥∥∥∑
j∈K
〈Λ j f ,Λ j f 〉
∥∥∥∥
∥∥∥∥∑
j∈K
〈Γ j g,Γ j g〉
∥∥∥∥
 D2
∥∥∥∥∑
j∈K
〈Λ j f ,Λ j f 〉
∥∥∥∥,
where the last inequality is deduced by Theorem 3.1. Since K is arbitrary, so
∑
j∈ J Γ ∗j Λ j f converges in U .
It is easy to know that L∗ f =∑ j∈ J Λ∗jΓ j f , ∀ f ∈ U , and ‖L‖√D1D2.
Theorem 3.5. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-frame for U with respect to {V j} j∈ J , with frame bounds C1, D1 > 0. Suppose
that {Γ j ∈ End∗A(U , V j): j ∈ J } is a g-Bessel sequence for U with respect to {V j} j∈ J . If L is surjective, then {Γ j} j∈ J is a g-frame for U
with respect to {V j} j∈ J .
On the contrary, if {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis for U with respect to {V j} j∈ J , then L is surjective.
Proof. Suppose that {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-frame for U with respect to {V j} j∈ J . By Theorem 3.2, we can deﬁne
the operator T of (3.2). It is easy to check that the adjoint operator of T is as follows:
T ∗ : U →
⊕
j∈ J
V j, T
∗ f = {Λ j} j∈ J , ∀ f ∈ U .
On the other hand, since {Γ j ∈ End∗A(U , V j): j ∈ J } is a g-Bessel sequence for U with respect to {V j} j∈ J , by Corollary 3.1
we also can deﬁne the corresponding operator
Q :
⊕
j∈ J
V j → U , Q (g) =
∑
j∈ J
Γ ∗j (g j), g = {g j} j∈ J ∈
⊕
j∈ J
V j.
Hence we have L f =∑ j∈ J Γ ∗j Λ j f = Q T ∗ f for any f ∈ U , namely L = Q T ∗ . Since L is surjective, then for any f ∈ U , there
exists g ∈ U such that f = Lg = Q T ∗g , and T ∗g ∈⊕ j∈ J V j , it follows that Q is surjective. By Theorem 3.2 we know that
{Γ j ∈ End∗A(U , V j): j ∈ J } is a g-frame for U with respect to {V j} j∈ J .
On the contrary, suppose that {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis, {Γ j ∈ End∗A(U , V j): j ∈ J } is a g-frame for U
with respect to {V j} j∈ J . By Theorem 3.3, T is homeomorphous, so is T ∗ . By Theorem 3.2 Q is surjective, therefore L = Q T ∗
is surjective. 
Theorem 3.6. Suppose that {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis, {Γ j ∈ End∗A(U , V j): j ∈ J } is a g-Bessel sequence for U
with respect to {V j} j∈ J . Then L is invertible if and only if {Γ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis for U with respect to {V j} j∈ J .
Proof. We ﬁrst suppose that L is invertible. Since {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis, {Γ j ∈ End∗A(U , V j): j ∈ J }
is a g-Bessel sequence for U with respect to {V j} j∈ J , by Theorem 3.2 and Corollary 3.1 we can deﬁne the operators T ,
Q mentioned before and T is homeomorphous, hence T ∗ is also invertible. From the proof of Theorem 3.4 we know that
L = Q T ∗ . Since L is invertible, so is Q . By Theorem 3.3 we have that {Γ j ∈ End∗A(U , V j): j ∈ J } is a g-Riesz basis for U
with respect to {V j} j∈ J .
Now we let {Λ j ∈ End∗A(U , V j): j ∈ J } and {Γ j ∈ End∗A(U , V j): j ∈ J } be two g-Riesz basis for U with respect to {V j} j∈ J .
By Theorem 3.3 both T , Q are invertible, so L = Q T ∗ is invertible too. 
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The frame identities in a Hilbert space were found by P.G. Casazza et al. in the study of the optimal decomposition of
a Parseval frame. In this section, we will show that the g-frame in Hilbert C*-module also has its equalities and inequalities.
In order to contrast with the main results in this section, we list the important identities as follows.
Theorem A. (See [2, Theorem 3.1].) Let { f i}i∈I ⊂ H be a frame for H with canonical dual frame { f˜ i}i∈I ⊂ H, then for any K ⊂ I and
f ∈ H, we have∑
j∈K
∣∣〈 f , f j〉∣∣2 −∑
j∈I
∣∣〈SK f , f˜ j〉∣∣2 = ∑
j∈Kc
∣∣〈 f , f j〉∣∣2 −∑
j∈I
∣∣〈SKc f , f˜ j〉∣∣2.
Theorem B (Parseval frame identity). (See [2, Theorem 3.2].) Let { f i}i∈I ⊂ H be a Parseval frame for H, then for any K ⊂ I and f ∈ H,
we have
∑
j∈K
∣∣〈 f , f j〉∣∣2 −
∥∥∥∥∑
j∈K
〈 f , f j〉 f j
∥∥∥∥
2
=
∑
j∈Kc
∣∣〈 f , f j〉∣∣2 −
∥∥∥∥∑
j∈Kc
〈 f , f j〉 f j
∥∥∥∥
2
.
Remark 4.1. When { f i}i∈I is a Parseval frame, then Theorem A is just Theorem B.
Theorem C. (See [2, Corollary 3.4].) Let { f i}i∈I ⊂ H be a λ-tight frame for H, then for any K ⊂ I and f ∈ H, we have
λ
∑
j∈K
∣∣〈 f , f j〉∣∣2 −
∥∥∥∥∑
j∈K
〈 f , f j〉 f j
∥∥∥∥
2
= λ
∑
j∈Kc
∣∣〈 f , f j〉∣∣2 −
∥∥∥∥∑
j∈Kc
〈 f , f j〉 f j
∥∥∥∥
2
.
Next we show some useful lemmas which we will use later.
Lemma 4.1. Let H be a Hilbert C*-module. If T is a bounded, self-adjoint linear operator and satisfy 〈T f , f 〉 = 0,∀ f ∈ H, then T = 0.
Proof. By the condition provided, then for any f , g ∈ H , we have 〈T ( f + g), f + g〉 − 〈T ( f − g, f − g)〉 = 0 and〈
T ( f + g), f + g〉− 〈T ( f − g, f − g)〉= 2〈T f , g〉 + 2〈T g, f 〉 = 2〈T f , g〉 + 2〈g, T ∗ f 〉
= 2〈T f , g〉 + 2〈g, T f 〉 = 2〈T f , g〉 + 2〈T f , g〉∗.
Let g = T f , then 0 = 〈T ( f + g), f + g〉 − 〈T ( f − g, f − g)〉 = 2〈T f , T f 〉 + 2〈T f , T f 〉∗ = 4〈T f , T f 〉, so T f = 0 for all f ∈ H ,
which implies that T = 0. 
Lemma 4.2. Let H be a Hilbert A-module. If U1, V1 ∈ End∗A(H, H) are bounded, self-adjoint linear operators satisfying U1 + V1 = IH ,
then for any f ∈ H, we have
〈U1 f , f 〉 + |V1 f |2 = 〈V1 f , f 〉 + |U1 f |2  3
4
〈 f , f 〉.
Proof. The proof is similar to Theorem 2.1 in [11]. 
Lemma 4.3. (See [17].) Let H be a Hilbert A-module. If U1, V1 ∈ End∗A(H, H) are two bounded A-linear operators in H and U1 + V1 =
IH , then there exist
U1 − U∗1U1 = V ∗1 − V ∗1 V1, U1 − U21 = V1 − V 21 .
Remark 4.2. It is easy to know that Lemma 3.3 contains the left equality of Lemma 3.2, we list Lemma 3.2 especially just
to stress the inequality.
Theorem 4.1. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-frame in Hilbert A-module U with respect to {V j: j ∈ J }, and let {Λ˜ j: j ∈ J } be
the canonical dual g-frame of {Λ j: j ∈ J }, then for any K ⊂ J and f ∈ U , we have∑
j∈K
〈Λ j f ,Λ j f 〉 +
∑
j∈ J
〈Λ˜ j S K c f , Λ˜ j S K c f 〉 =
∑
j∈Kc
〈Λ j f ,Λ j f 〉 +
∑
j∈ J
〈Λ˜ j S K f , Λ˜ j S K f 〉 34
∑
j∈ J
〈Λ j f ,Λ j f 〉. (4.1)
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U1 = S−1/2SK S−1/2, V1 = S−1/2SKc S−1/2. By Lemma 4.2, we obtain〈
S−1/2SK S−1/2 f , f
〉+ ∣∣S−1/2SKc S−1/2 f ∣∣2 = 〈S−1/2SKc S−1/2 f , f 〉+ ∣∣S−1/2SK S−1/2 f ∣∣2  3
4
〈 f , f 〉.
Replacing f by S1/2 f , then we have
〈SK f , f 〉 +
〈
S−1SKc f , SKc f
〉= 〈SKc f , f 〉 + 〈S−1SK f , SK f 〉 3
4
〈S f , f 〉. (4.2)
On the other hand, we have
〈SK f , f 〉 =
〈∑
j∈ J
Λ∗jΛ j f , f
〉
=
∑
j∈K
〈Λ j f ,Λ j f 〉,
and ∑
j∈ J
〈Λ˜ j f , Λ˜ j f 〉 =
∑
j∈ J
〈
Λ j S
−1 f ,Λ j S−1 f
〉=∑
j∈ J
〈
Λ j S
−1 f ,Λ j S−1 f
〉
=
∑
j∈ J
〈
Λ∗j S
−1 f , S−1 f
〉= 〈S S−1 f , S−1 f 〉= 〈 f , S−1 f 〉= 〈S−1 f , f 〉.
Associating with (4.2) we know that (4.1) holds. 
Corollary 4.1. Let { f i}i∈I ⊂ H be a frame for H with canonical dual frame { f˜ i}i∈I ⊂ H, then for any K ⊂ I and f ∈ H, we have∑
j∈K
〈 f , f j〉〈 f j, f 〉 −
∑
j∈I
〈SK f , f˜ j〉〈 f˜ j, SK f 〉 =
∑
j∈Kc
〈 f , f j〉〈 f j, f 〉 −
∑
j∈I
〈SKc f , f˜ j〉〈 f˜ j, SKc f 〉.
Proof. For any f ∈ U , if we let Λ j f = 〈 f , f j〉 in (4.1), then we get the conclusion. 
Theorem 4.2. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-Parseval frame in Hilbert A-modules U with respect to {V j: j ∈ J }, then for any
K ⊂ J and f ∈ U , we have
∑
j∈K
〈Λ j f ,Λ j f 〉 +
∣∣∣∣ ∑
j∈Kc
Λ∗jΛ j f
∣∣∣∣
2
=
∑
j∈Kc
〈Λ j f ,Λ j f 〉 +
∣∣∣∣∑
j∈K
Λ∗jΛ j f
∣∣∣∣
2
 3
4
〈 f , f 〉. (4.3)
Proof. Since {Λ j ∈ End∗A(U , V j): j ∈ J } is a g-Parseval frame for U with respect to {V j: j ∈ J }, then for any f ∈ U , we have∑
j∈ J
〈Λ j f ,Λ j f 〉 = 〈 f , f 〉. (4.4)
So
〈S f , f 〉 =
〈∑
j∈ J
Λ∗jΛ j f , f
〉
=
∑
j∈ J
〈Λ j f ,Λ j f 〉 = 〈 f , f 〉.
Hence for any f ∈ U , we have 〈(S − IU ) f , f 〉 = 0. Let T = S − IU . Since S is bounded, self-adjoint, then T ∗ = (S − IU )∗ =
S∗ − I∗U = S− IU = T , so T is also bounded, self-adjoint. By Lemma 4.1, we have T = 0, namely S = IU , so Λ˜ j = Λ j S−1 = Λ j .
From (4.4), then we have that: for any K ⊂ J and f ∈ U ,
∑
j∈ J
〈Λ˜ j S K f , Λ˜ j S K f 〉 =
∑
j∈ J
〈Λ j S K f ,Λ j S K f 〉 = 〈SK f , SK f 〉 =
∣∣∣∣∑
j∈K
Λ∗jΛ j f
∣∣∣∣
2
and
∑
j∈ J
〈Λ˜ j S K c f , Λ˜ j S K c f 〉 =
∑
j∈ J
〈Λ j S K c f ,Λ j S K c f 〉 = 〈SKc f , SKc f 〉 =
∣∣∣∣ ∑
j∈Kc
Λ∗jΛ j f
∣∣∣∣
2
.
Combining (4.4) and Theorem 4.1, we know that (4.3) holds. 
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∑
j∈K
〈 f , f j〉〈 f j, f 〉 −
∣∣∣∣∑
j∈K
〈 f , f j〉 f j
∣∣∣∣
2
=
∑
j∈Kc
〈 f , f j〉〈 f j, f 〉 −
∣∣∣∣ ∑
j∈Kc
〈 f , f j〉 f j
∣∣∣∣
2
.
Corollary 4.3. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-Parseval frame in Hilbert C*-modules for U with respect to {V j: j ∈ J }, then for
any K ⊂ J and f ∈ U , we have
∑
j∈K
〈Λ j f ,Λ j f 〉 −
∣∣∣∣∑
j∈K
Λ∗jΛ j f
∣∣∣∣
2
=
∑
j∈Kc
〈Λ j f ,Λ j f 〉 −
∣∣∣∣ ∑
j∈Kc
Λ∗jΛ j f
∣∣∣∣
2
.
Corollary 4.4. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-λ-tight frame in Hilbert A-module U with respect to {V j: j ∈ J }, then for any
K ⊂ J and f ∈ U , we have
λ
∑
j∈K
〈Λ j f ,Λ j f 〉 −
∣∣∣∣∑
j∈K
Λ∗jΛ j f
∣∣∣∣
2
= λ
∑
j∈Kc
〈Λ j f ,Λ j f 〉 −
∣∣∣∣ ∑
j∈Kc
Λ∗jΛ j f
∣∣∣∣
2
.
Proof. Since {Λ j: j ∈ J } is a g-λ-tight frame, then { 1√
λ
Λ j: j ∈ J } is a g-Parseval frame, by Theorem 4.2 we know that the
conclusion holds. 
Corollary 4.5. Let { f i}i∈I ⊂ H be a λ-tight frame for H, then for any K ⊂ I and f ∈ H, we have
λ
∑
j∈K
〈 f , f j〉〈 f j, f 〉 −
∣∣∣∣∑
j∈K
〈 f , f j〉 f j
∣∣∣∣
2
=
∑
j∈Kc
〈 f , f j〉〈 f j, f 〉 −
∣∣∣∣ ∑
j∈Kc
〈 f , f j〉 f j
∣∣∣∣
2
.
Corollary 4.6. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-λ-tight frame in Hilbert A-module U with respect to {V j: j ∈ J }, and K , L ⊂
J , K ∩ L = ∅, then for any f ∈ U , we have
|SK∪L f |2 − |SKc\L f |2 = |SK f |2 − |SKc f |2 + 2
∑
j∈L
〈Λ j f ,Λ j f 〉.
Proof. Since for any f ∈ U , by Corollary 4.4, we get
|SK∪L f |2 − |SKc\L f |2 = λ
∑
j∈K∪L
〈Λ j f ,Λ j f 〉 − λ
∑
j∈Kc\L
〈Λ j f ,Λ j f 〉
= λ
∑
j∈K
〈Λ j f ,Λ j f 〉 + λ
∑
j∈L
〈Λ j f ,Λ j f 〉 − λ
∑
j∈Kc
〈Λ j f ,Λ j f 〉 + λ
∑
j∈L
〈Λ j f ,Λ j f 〉
= |SK f |2 − |SKc f |2 + 2
∑
j∈L
〈Λ j f ,Λ j f 〉. 
The next theorem is a generalization of Corollary 4.4 in that we generalize the coeﬃcients to l∞(A) = {{a j: j ∈ J }:
sup‖∑ j a j(a j)∗‖ < ∞}.
Theorem 4.3. Let {Λ j ∈ End∗A(U , V j): j ∈ J } be a g-λ-tight frame in Hilbert A-module U with respect to {V j: j ∈ J }, then for any
f ∈ U and {a j} j∈ J ∈ l∞(A), we have∣∣∣∣∑
j∈ J
(1A − a j)Λ∗jΛ j f
∣∣∣∣
2
−
∣∣∣∣∑
j∈ J
a jΛ
∗
jΛ j f
∣∣∣∣
2
= λ
∑
j∈ J
(1A − a j)|Λ j f |2 − λ
∑
j∈ J
a∗j |Λ j f |2.
Proof. Since {a j} j∈ J ∈ l∞(A), so there exists a positive constant M in A, such that |a j | M for any j ∈ J , let
S1( f ) =
∑
j∈ J
(1A − a j)Λ∗jΛ j f , S2( f ) =
∑
j∈ J
a jΛ
∗
jΛ j f , ∀ f ∈ U .
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‖SK f ‖4 =
∥∥〈SK f , SK f 〉∥∥2 =
∥∥∥∥
〈∑
j∈K
(1A − a j)Λ∗jΛ j f , SK f
〉∥∥∥∥
2
=
∥∥∥∥
〈∑
j∈K
(1A − a j)Λ j f ,Λ j S K f
〉∥∥∥∥
2

∥∥∥∥∑
j∈K
〈
(1A − a j)Λ j f , (1A − a j)Λ j f
〉∥∥∥∥ ·
∥∥∥∥∑
j∈K
〈Λ j S K f ,Λ j S K f 〉
∥∥∥∥
 λ‖SK f ‖2
∥∥∥∥∑
j∈K
〈
(1A − a j)Λ j f , (1A − a j)Λ j f
〉∥∥∥∥.
Therefore∥∥∥∥∑
j∈K
(1A − a j)Λ∗jΛ j f
∥∥∥∥
2
= ‖SK f ‖2  λ
∥∥∥∥∑
j∈K
〈
(1A − a j)Λ j f , (1A − a j)Λ j f
〉∥∥∥∥,
since K is arbitrary, so the series S1( f ) converges in U for any f ∈ U .
Similarly we know that S2( f ) also converges in U for any f ∈ U .
It is easy to check that S1( f ) + S2( f ) =∑ j∈ J Λ∗jΛ j f = λ f for any f ∈ U , so λ−S1 + λ−S2 = IU , by Lemma 4.3, S∗1S1 −
S∗2S2 = λS1 − λS∗2, then we have∣∣∣∣∑
j∈ J
(1A − a j)Λ∗jΛ j f
∣∣∣∣
2
−
∣∣∣∣∑
j∈ J
a jΛ
∗
jΛ j f
∣∣∣∣
2
= 〈S1 f , f 〉 − 〈S2 f , S2 f 〉 =
〈
S∗1S1 f , f
〉− 〈S∗2S2 f , f 〉= 〈(S∗1S1 − S∗2S2) f , f 〉
= 〈(λS1 − λS∗2) f , f 〉= λ∑
j∈ J
(1A − a j)|Λ j f |2 − λ
∑
j∈ J
a∗j |Λ j f |2. 
Corollary 4.7. Let { f j} j∈ J be a λ-tight frame in Hilbert A-module H, then for any f ∈ H and {a j} j∈ J ∈ l∞(A), we have∣∣∣∣∑
j∈ J
(1A − a j)〈 f , f j〉 f j
∣∣∣∣
2
−
∣∣∣∣∑
j∈ J
a j〈 f , f j〉 f j
∣∣∣∣
2
= λ
∑
j∈ J
(1A − a j)〈 f , f j〉〈 f j, f 〉 − λ
∑
j∈ J
a∗j 〈 f , f j〉〈 f j, f 〉.
Acknowledgments
The authors thank the referee(s) for several important comments and suggestions which improved the quality of the paper.
References
[1] L. Arambas˘ic´, On frames for countably generated Hilbert C*-modules, Proc. Amer. Math. Soc. 135 (2007) 469–478.
[2] R. Balan, P.G. Casazza, D. Edidin, G. Kutyniok, A new identity for Parseval frames, Proc. Amer. Math. Soc. 135 (4) (2007) 1007–1015.
[3] J.J. Benedetto, W. Heller, Irregular sampling and theory of frames, I, Note Mat. X (Suppl. 1) (1990) 103–125.
[4] R.H. Chan, S.D. Riemenschneider, L. Shen, Z. Shen, Tight frame: An eﬃcient way for high-resolution image reconstruction, Appl. Comput. Harmon.
Anal. 17 (2004) 91–115.
[5] I. Daubechies, A. Grossmann, Y. Meyer, Painless nonorthogonal expansions, J. Math. Phys. 27 (1986) 1271–1283.
[6] N.E. Dudey Ward, J.R. Partington, A construction of rational wavelets and frames in Hardy–Sobolev space with applications to system modelling, SIAM
J. Control Optim. 36 (1998) 654–679.
[7] R.J. Duﬃn, A.C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math. Soc. 72 (1952) 341–366.
[8] Y. Eldar, G.D. Forney Jr., Optimal tight frames and quantum measurement, IEEE Trans. Inform. Theory 48 (2002) 599–610.
[9] P.J.S.G. Ferreira, Mathematics for multimedia signal processing, II: Discrete ﬁnite frames and signal reconstruction, in: J.S. Byrnes (Ed.), Signal Processing
for Multimedia, IOS Press, 1999, pp. 35–54.
[10] M. Frank, D.R. Larson, Frames in Hilbert C*-modules and C*-algebras, J. Operator Theory 48 (2002) 273–314.
[11] P. Gaˇvruta, On some identities and inequalities for frames in Hilbert spaces, J. Math. Anal. Appl. 321 (2006) 469–478.
[12] P. Gaˇvruta, On the duality of fusion frames, J. Math. Anal. Appl. 333 (2007) 871–879.
[13] R.B. Holmes, V.I. Paulsen, Optimal frames for erasures, Linear Algebra Appl. 377 (2004) 31–51.
[14] A. Khosravi, B. Khosravi, Frames and bases in tensor products of Hilbert spaces and Hilbert C*-modules, Proc. Indian Acad. Sci. Math. Sci. 117 (2007)
1–12.
[15] A. Khosravi, B. Khosravi, Fusion frames and g-frames in Hilbert C*-modules, Int. J. Wavelets Multiresolut. Inf. Process. 6 (2008) 433–466.
[16] E.C. Lance, Hilbert C*-Modules: A Toolkit for Operator Algebraists, London Math. Soc. Lecture Note Ser., vol. 210, Cambridge Univ. Press, 1995.
[17] D. Li, W. Sun, Some equalities and inequalities of generalized frame, Ann. of Math. 29 (2008) 513–518 (in Chinese).
[18] I. Raeburn, D.P. Williams, Morita Equivalence and Continuous-Trace C*-Algebras, Math. Surveys Monogr., vol. 60, Amer. Math. Soc., 1998.
[19] T. Strohmer, R. Heath Jr., Grassmannian frames with applications to coding and communications, Appl. Comput. Harmon. Anal. 14 (2003) 257–275.
[20] W. Sun, g-Frames and g-Riesz bases, J. Math. Anal. Appl. 322 (2006) 437–452.
[21] W. Sun, Stability of g-frames, J. Math. Anal. Appl. 326 (2007) 858–868.
